Abstract. This paper studies the curvatures of amoebas and real amoebas (i.e. essentially logarithmic curvatures of the complex and real parts of a real algebraic hypersurface) and of tropical and real tropical hypersurfaces. If V is a tropical hypersurface defined over the field of real Puiseux series, it has a real part RV which is a polyhedral complex. We define the total curvature of V (resp. RV ) by using the total curvature of Amoebas and passing to the limit. We also define the "polyhedral total curvature" of the real part RV of a generic tropical hypersurface. The main results we prove about these notions are the following:
Introduction
For an affine real smooth algebraic hypersurface X ⊂ C n+1 with real part RX ⊂ R n+1 there is an universal inequality between the total curvatures of the real part RX and the one of CX ( [Ris03] ), similar to the "Smith's Inequality" between the sums of mod.2 Betti numbers. In this paper we prove an analogous result in the tropical setting; it turns out that in the non-singular tropical case, this inequality becomes an equality; this fact is true in the algebraic world only up to any positive ǫ and for special maximal varieties. For plane algebraic curves the only cases when the equality holds are the line, the ellipse and the parabola. Let us describe briefly the main results of the paper. If V is a tropical hypersurface defined by a polynomial with coefficients in the field of real Puiseux series, it has a real part RV (see Subsection 2.4). Using the fact that V (resp. RV ) is limit of Amoebas (Resp. Real Amoebas), we define the total curvature of V (resp. RV ) by using the total curvature of Amoebas and passing to the limit.
For the real part RV , which is a polyhedral manifold, we also define its total curvature geometrically (as a polyhedral hypersurface), and call it the "polyhedral total curvature". Non-singular tropical hypersurfaces are those whose dual subdivision is primitive; they are the tropical counterpart of primitive T-hypersurfaces of Viro's patchworking (see [Vir83] and [Vir84] ). The main results we prove about these notions are the following:
(1) The fact that the notions of total curvature and polyhedral total curvature coincide for real non-singular tropical hypersurfaces (Section 5). (2) A universal inequality between the total curvatures of V and RV (Subsection 4.2) based on a similar inequality between the logarithmic Gaussian curvatures of the complex and real parts of a real algebraic hypersurface (Section 3). (3) In the non-singular case, this inequality turns out to be an equality (Subsection 4.2). (4) A "Gauss-Bonnet's style" formula for the total curvature of a non-singular (complex) tropical hypersurface (Subsection 6.2).
We would like to thank the referee for their useful comments. The structure of the paper is the following:
Section 2 is a preliminary one: it introduces notation and basic properties of tropical and real tropical hypersurfaces.
Section 3 treats the case of Amoebas, using the "Logarithmic Curvature" to define their curvature.
Section 4 describes how we can define the tropical total curvature passing to the limit from the one of Amoebas, both in the real and complex cases, and contains the main results of the paper.
Section 5 is devoted to defining directly the "Polyhedral Curvature" for a real non-singular tropical hypersurface and to proving that this technique gives the same notion of total curvature than the previous one in the tropical non-singular case.
Section 6 gives some complements and applications, in particular a Gauss-Bonnet's style formula for non-singular tropical hypersurfaces, comparing the Euler characteristic of a generic complex hypersurface in (C * ) n+1 and the total curvature of its tropicalisation.
2. Preliminary 2.1. Total curvature. In all the paper, R n+1 is considered with its canonical orientation, σ n will be the volume of the unit sphere S n ⊂ R n+1 , and we will set a n = π σ 2n σ 2n+1 .
We have then: .
Let RW ⊂ R n+1 be a smooth oriented hypersurface, g : RW → RP n the Gauss map x → n x , where n x is a non-zero normal vector to RW at x. We define the curvature function x → k(x) on RW as the jacobian of g. The curvature of a measurable set U ⊂ RW is the integral U |k(x)|dv of the curvature function on U . The total curvature of RW is then by definition:
where dv is the canonical Euclidean volume form on RW ⊂ R n+1 . It clearly satisfies the following equality :
where ds is the canonical volume form on RP n and assuming g −1 (β) is almost everywhere finite.
One can think of the total curvature as the volume of Im(g) taken "with multiplicities", the multiplicity of a point x being the cardinality of the fiber g −1 (x).
If now W ⊂ C n+1 is a smooth analytic complex hypersurface, one may define its curvature as the "Lipschitz-Killing" curvature K(x)dw, where dw is the canonical volume form on W ⊂ C n+1 and K : W → R the curvature function.
Another way, due to Milnor, to define the function K is the following. Let
where N x W is the complex normal vector to W at x. One then has:
(2) (−1) n Kdw = a n γ * C (dp) where dp is the volume form on CP n (see [Lan79] ); note that (−1) n K(x) is a positive function on W . The following inequality is proved in [Ris03] in the algebraic case:
This paper is devoted to defining similar notions and proving similar results in the tropical case. In particular we prove the same type of inequality for the logarithmic Gaussian curvatures which are the natural curvatures in the tropical setting and study its sharpness.
Tropical hypersurfaces.
In order to fix notations and definitions we use in this text, we recall briefly basic notions in tropical geometry. We use the following notation: the scalar product is written z · v; for X = (X 1 , . . . , X n+1 ) and α = (α 1 , . . . , α n+1 ) we write X α := X αi i ; the set of vertices of a polytope △ is denoted V ert(△). We tend to identify a point and its coordinate vector when it makes the notation less cumbersome.
We consider the tropical semi-field T = (R∪{−∞}, "+", "·"), where the tropical operations are defined by u" + "v = max{u, v} and u"
where E(f ) denotes the set of exponents of f . The Newton polytope of f will be denoted by △ f . Given a tropical polynomial f and a point ω ∈ R n+1 , the ω-initial part of f is
A tropical polynomial f determines naturally a polyhedral subdivision of R n+1 whose cells are formed of the sets of points defining the same initial part of f . Dually, the set of cells
realises a regular subdivision of △ f . It is dual to the subdivision of R n+1 determined by f in the following usual sense. If c is a cell of the subdivision of R n+1 determined by f there exists a unique dual cellč of Γ f . It satisfies dim(c) + dim(č) = n + 1 and c andč generate orthogonal affine subspaces.
We say that a tropical polynomial f is generic if Γ f is simplicial, non-singular if all the maximal dimensional cells of Γ f are primitives simplices, and primitive if △ f is a primitive simplex of dimension n + 1.
The corner locus of a tropical polynomial
where the value of f is attained by at least two of its monomials. Or equivalently, the set of points contained in cells of dimensions at most n. In this text, such a set will be called a tropical hypersurface.
is by definition the tropical hypersurface defined by f .
We denote by V ert(V (f )) the 0-dimensional cells of V (f ) and more generally V ert(Z) will always denote the 0-dimensional cells of the natural subdivision of a piecewise linear variety Z.
Real convergent Puiseux series and tropicalisation. A formal series
is a locally convergent generalised Puiseux series if R ⊂ R is a well-ordered set, β r ∈ C, and the series is convergent for t > 0 small enough. Denote by K the set of all locally convergent generalised Puiseux series. It is an algebraically closed field of characteristic 0. A series ξ ∈ K is said to be real if all its coefficients are real numbers. We denote by K R the subfield of K composed by the real series.
Since the coefficients of a polynomial F ∈ K[x 1 , . . . , x n+1 ] are locally convergent near 0, any polynomial over K (resp. K R ) can be thought as a one parametric family of complex (resp. real) polynomials. For any t, 0 < t ≪ 1, the complex (resp. real) polynomial F t is the polynomial resulting of the evaluation of the coefficients at t.
By hypothesis, the set of exponents of an element of K * has a first element. The map that sends each element of K * to the first element of its set of exponents and 0 to ∞ is a non-archimedean valuation. We denote by val the opposite of such a map. In other words, val : K → R ∪ {−∞} maps r∈R β r t r = 0 to −min{r | β r = 0} and 0 to −∞. The map val extends naturally to the map V al : K n+1 → (R ∪ {−∞}) n+1 by applying val coordinatewise. The image of a variety V ⊂ K n+1 under the map V al is called the nonarchimedean amoeba of V .
Given a polynomial F ∈ K[x 1 , . . . , x n+1 ] one can associate a tropical polynomial. This map is called tropicalisation and acts as follows: If F (x) = α∈E(F ) c α x α , the tropicalisation of F is the tropical polynomial
Kapranov's theorem establishes that the non-archimedean amoeba of F and the tropical hypersurface
2.4. Real tropical hypersurfaces. Real tropical hypersurfaces are very closely related to Viro Patchworking (See [Vir83] and [Vir84] ). A description can be found in [Ber10] and one can look at [Mik04] pp. 25 and 37, [Vir01] , and the appendix of [Mik00] in the case of amoebas for further details.
We recall some definitions here for the convenience of the reader.
] be a real polynomial defined over the field of real Puiseux series.
Let wal : (K * ) → R × S 1 be the map sending a real Puiseux series ξ(t) = r∈R β r t r to (val(ξ(t)), arg(β −val(ξ(t)) )) and W al : (K * ) n+1 → R n+1 × S 1 n+1 be the map defined by wal coordinate-wise. The map wal restricts to wal R : (K * R ) → R × Z 2 which sends ξ(t) = r∈R β r t r to (val(ξ(t)), sign(β −val(ξ(t)) )) and we denote
the corresponding restriction of W al. For any z ∈ Z n+1 2 we will call orthant of the torus over the field of Puiseux series and denote by Q K R z the preimage of R n+1 × {z} under W al R . As in the case of (R * ) n+1 an orthant is thus a choice of sign for each coordinate. The map W al allows to consider the collection of images under V al R of each orthant Q
Let us now compare this definition to the following patchworking procedure. Let f be a generic tropical polynomial, and ϑ : E(f ) → {1, −1} be a distribution of signs. Let (e i ) i=1..n+1 be the canonical basis of
The map s z only depends on the reduction modulo 2 of the coordinates of z, so we will indifferently use the notation s z for z ∈ Z n+1 or z ∈ Z n+1 2 . Define the symmetrised distribution of sign S z (ϑ) :
The maps S z are involutions on the set {ϑ} of sign distributions on E(f ). They define an action of (Z 2 ) n+1 on sign distributions. We will consider this action via the maps S z below in Subsection 5 (for example in Proposition 5.12).
Definition 2.3. Let f be a generic tropical polynomial, and ϑ : E(f ) → {1, −1} a distribution of signs.
consisting of relevant symmetric copies of cells of V (f ). Namely for each given z ∈ Z n+1 2 and c a cell of
Here and below we identify the set of elements of Z 2 with {1, −1} or {+, −} depending on which is more convenient. With this identification, the above equality S z (ϑ)(V ert(č)) = Z 2 just means that not all vertices ofč carry the same sign. 
] is a polynomial with real series coefficients, we associate to each monomial the sign of the first term of its coefficient. In particular this defines a natural sign distribution ϑ F : E(T rop(F )) → {1, −1} at the vertices of the subdivision Γ T rop(F ) . The proposition below is a direct consequence of Viro's Patchworking.
the real part of the real tropical hypersurface coincides with the real part of the patchworked tropical hypersurface.
Remark 2.7. In order to recover a hypersurface in (
where the exponential is applied component-wise. 3. Total curvature of real and complex amoebas
. We call it a real algebraic variety because F t is defined over R and denote by RV (F t ) ⊂ (R * ) n+1 the real part of V (F t ).
We will set △ F for the Newton polygon of F (or F t for 0 < t ≪ 1). We denote by Log t the map from (C * ) n+1 to R n+1 that sends (x 1 , . . . , x n+1 ) to (log t (|x 1 |), . . . , log t (|x n+1 |)) where log t is the base t logarithm.
Remark 3.2. In each orthant Q ⊂ (R * ) n+1 , the map Log t | Q is a diffeomorphism onto R n+1 ; then we may define the " Gauss map " g t : A R (F t ) → RP n " by taking the Gauss map for the image of each orthant (then for some points of the Amoeba, the "map" g t may be multivalued).
We then have the following diagram: where g t is the Gauss map and γ R t = g t •Log t the logarithmic Gauss map, defined as:
Remark 3.3. According to diagram (4), the total curvature of the amoeba
In the complex case, contrary to the real case, the Amoeba A(F t ) is not in general an immersed manifold, therefore there is no natural definition of a Gauss map A(F t ) → CP n . However, the Logarithmic Gauss map γ t : V (F t ) → CP n is meaningfull, and we have the following diagram: 
It is then natural to give the following definition (see (2)):
Definition 3.4. The total curvature of the amoeba A(F t ) is defined by
t (β)dp.
Remark 3.5. We consider subvarieties of the torus (C * ) n therefore for any ω ∈ Z n+1 , F t and x ω F t define the same variety. Moreover, the logarithmic Gauss map
is also invariant when multiplying F t by x ω (since the tangent space to V (F t ) at a given point is unaffected by this action).
These definitions lead us to consider the systems
where [β] = [β 1 : β 2 : . . . : β n+1 ] is an element of CP n+1 . Since we only consider solutions in the torus, the system (G ′ β ) is equivalent to
where we introduce a new variable y ∈ C * .
Definition 3.6. We say that a polynomial F t is B-generic if, for a generic β, the system (G β ) satisfies the genericity conditions of [Ber75] i.e., the restriction of the system to any proper face of the convex hull of its set of exponent has no solution in the torus.
If the Newton polytopes of F t and x ω F t are included in (R * + ) n+1 we find algebraically the statement of Remark 3.5. Indeed, (G ′′ β ) is then clearly equivalent to:
β 2 x ω : . . . : Proof. The support polytope △ β of the system (G β ) is the cone with apex (0, . . . , 0, 1) over △ Ft × {0}. In fact, △ β is the Newton polytope of all polynomial of (G β ) but
The restrictions of (G β ) to the faces of △ β are either of the form
or of the form,
. . . is non-singular which is equivalent to F t being completely non-degenerate.
Assume now that F t is completely non-degenerate. We saw above that this implies that for all (not necessarily proper) faces δ of △ Ft the systems (G δ 0 ) have no solution. We only need to check that for a generic β, the systems (G δ β ) have no solution for all proper faces δ of △ Ft .
Let us now fix a proper face δ of △ Ft and consider the system (G δ β ). Denote by γ δ the map
Note that 0 ∈ γ δ (V (F δ t )) if and only if V (F δ t ) is singular. Let us write F t (x) = α∈E(Ft) a α x α . Since dim(δ) < n + 1, δ is contained in a hyperplane and there exist µ ∈ R n+1 and c ∈ R such that for any exponent α of
From now on we consider completely non-degenerate polynomials.
Proposition 3.11. A polynomial F t is completely non-degenerate if and only if the degree of the map γ t is (n + 1)!vol(△ Ft ).
Proof. It follows directly from Proposition 3.10 applying Bernstein theorem to the systems (G β ).
As a direct consequence of Proposition 3.10, we have the following corollary.
Corollary 3.12. F t is completely non-degenerate if and only if
which does not depend on t.
We have then the following inequality, similar to (3) for the logarithmic curvatures of the real and complex parts of a real algebraic hypersurface: Theorem 3.13. For any completely non-degenerate
|K|.
Proof. We have seen that A(Ft) K = (−1) n a n (n + 1)!vol(△ F )vol(CP n ). For x ∈ RP n , the cardinality of the real fiber (γ R t ) −1 is smaller than the cardinality of the complex one. So we similarly have that
and vol(RP n ) = σn 2 from which the inequality follows.
Corollary 3.14. There is equality in the above theorem if and only if the map γ t is totally real, i.e., γ
Remark 3.15. One can prove (see [PR11] ) that for a non-singular real curve, the maximality for the above inequality characterises the Harnack curves in the sense of [Mik00] .
Complex and real total curvature of tropical hypersurfaces
4.1. Complex total curvature. Let f be a tropical polynomial, F ∈ K[x] realising f and such that F t is completely non-degenerate for 0 < t ≪ 1. Since the total curvature of the Amoeba A(F t ) does not depend on t for 0 < t ≪ 1, we define the total curvature of the tropical variety V (f ) by passing to the limit in the trivial way:
Definition 4.1. Let f be a tropical polynomial. We define the complex total curvature of V (f ) as
Notice that (−1) n K is a positive function, then
Corollary 4.2. For any primitive tropical hypersurface H,
H K = (−1) n a n vol(CP n ).
Corollary 4.3. Let f be a tropical polynomial and let v 1 , . . . , v r be the set of vertices of V (f ). Then
V (f ) K = r i=1 V (Inv i f ) K.
4.2.
Total curvature of real tropical hypersurfaces.
The real total curvature of V R (f ) is defined as
|k|.
Remark 4.5. The proof of Proposition 4.8 below implies that if V (f ) is nonsingular, A R (Ft) |k| has a limit when t → 0.
Recall the following diagram:
where g t is the Gauss map and γ R t = g t • Log t the logarithmic Gauss map, defined as:
It follows immediately from Theorem 3.13 and Definitions 4.1 and 4.4 that real and complex tropical curvatures satisfy an inequality similar to Inequality (3). Theorem 4.6. Let F ∈ K R [x 1 , . . . , x n+1 ] be a real polynomial and f = T rop(F ) be its tropicalisation. We have
|K|
We now establish one the main results of this article; namely that the Inequality (9) of Theorem 4.6 is an equality for real non-singular tropical hypersurfaces (Theorem 4.10). Let us first look at the case of a primitive hypersurface.
Proposition 4.7. Let f be a primitive tropical polynomial, tropicalisation of F
Proof. We have A R (Ft) |k| =vol(Im(g t )) by definition. But the map γ t is generically of degree one by Berstein's theorem, and for a generic β ∈ RP n (namely in the complementary of the set of normal directions to non-compact cells of the tropical variety V (f )), we have #(γ
, and (10) passing to the limit.
] be a polynomial such that f = T ropF is non-singular, (v i ) (1≤i≤r) the vertices of V (f ), △ F = ∪△ i the subdivision of △ F in simplices dual to V (f ). Then for each vertex v i , we set f vi = T ropF vi , with F v i = αj ∈△i a j x j . Notice that In vi f = f v i . The main step in the proof of Theorem 4.10 is the following:
Before proving the proposition, we need a lemma of "localisation" at a vertex. Proof. Up to multiplying each x i by t −λi (which has the effect of translating the vertex v to 0) and multiplying F t by the relevant power of t, one may write:
where a i (0) ∈ R * , ν is a positive real number and Q t ∈ K R [x 1 , . . . , x n+1 ] is a polynomial whose coefficients have non-negative valuation. We set H(x) = α∈V ert(v) a i (0)x α so that F t = H + t ν Q t . For β ∈ RP n , the points of g −1 t (β) are the images under Log t of the solutions of the system:
For a generic β 0 , we know by the proof of Proposition 4.7 that the system:
has a non-degenerated solution x 0 . Then the system:
has a solution x H such that Log(x H ) is in the ball B(Log(x 0 ), 1) for d(β, β 0 ) sufficiently small. The system (G ′ β ) is a one parameter deformation of (G H β ) therefore it has a solution x F such that Log(x F ) ∈ B(Log(x 0 ), 2) for t small enough. Then Log t (x F ) is in the ball B(
Log(x 0 ) log t , 2 | log t| ) which is included, for t small enough, in B(0, η) =
B(v, η).
Let us now prove Proposition 4.8.
Let Ω ⊂ RP n be a compact set, t 0 > 0 and ǫ > 0 such that: 1) Vol(RP n \ Ω) < ǫ 2) For any direction β ∈ Ω and any vertex v of V (f ), the system (G ′ β ) has a non-degenerated solution. Then, if r is the number of vertices of V (f ), we have that for 0 < t < t 0 :
passing to the limit when t 0 → 0 and ǫ → 0 gives the result. We now deduce easily the main result of the paper.
|K|
Proof. By Proposition 4.8 and Corollary 4.3, it is enough to prove the theorem in the primitive case. We have then to prove that σ2n σn vol(RP n ) = a n vol(CP n ) with
, that is immediate.
5. Polyhedral total curvature of a real tropical hypersurface.
Definition and elementary properties.
Our definition of the curvature in the polyhedral case is similar to Banchoff's in [Ban70] (see also [Ban67] and [Ban83] ) but, exactly as in the complex case, we only consider absolute value of the curvature here.
It amounts to the following. The solid angle of a cone is the portion of the unit sphere centred at the vertex of the cone that it intersects, its measure is the volume of this spherical portion. We might abuse terminology and write "solid angle" when we mean its measure.
Let v be a vertex of a polyhedral hypersurface H (here our real tropical hypersurface RV R ϑ (f )). For sufficiently small neighbourhoods U of v, U \ H has two connected components. Label one by + and the other by − (for RV R ϑ (f ) these will be the signs of the corresponding vertices of the dual subdivision). For each maximal dimensional cell of H containing v, choose a normal vector oriented from − to +. The curvature cone C v at v is the cone generated by these vectors. Thus the curvature cone C v is naturally identified to the cone generated by the n i 's and depends only on the simplexv dual to v and the sign distribution at the vertices ofv. 
We denote by C sz (v) the curvature cone at the vertex s z (v) of the real tropical hypersurface RV R ϑ (f ). It is the cone generated by vector edges ofv oriented form vertices with minus sign to vertices with plus sign in the sign distribution S z (ϑ).
Remark 5.6. One can also define the curvature κ v at a vertex v of V (f ) to be the sum over all symmetric copies s z (v) of v appearing in RV R ϑ (f ) of the solid angles of the corresponding curvature cones C sz(v) i.e.,
Elementary simplex case.
Definition 5.7. Let S ∈ R n+1 be a simplex with integer vertices and (u i ) i∈{1..n+1} be the collection of the vectors defined by edges issuing from one of its vertices. The simplex S is elementary if (u i ) i∈{1..n+1} is a basis of (Z 2 ) n+1 where u i is the reduction modulo 2 of u i .
Proposition 5.8. Let f be a tropical polynomial such that △ f is an elementary simplex and that E(f ) = V ert(△ f ). Then, for any distribution of signs ϑ,
In particular, Proposition 5.8 holds for primitive real tropical hypersurfaces (those whose Newton polytope is primitive) since a primitive simplex is elementary. The two corollaries below follow from Proposition 5.8 and Lemma 5.5. 
Corollary 5.10. Let f be a non-singular tropical polynomial. Then, for any distribution of signs ϑ,
From Proposition 5.8 and Proposition 4.8 we deduce the equality between the polyhedral curvature and real total curvature of a non-singular real tropical hypersurface:
Proposition 5.11. Let f be a non-singular tropical polynomial. Then, for any distribution of signs ϑ,
Proof. Both can be expressed as (n + 1)!V ol(△ f ) times the volume of RP n (see Corollary 5.10 in the polyhedral case).
5.3. Proof of Proposition 5.8. We will use the following proposition which essentially follows from Itenberg's Prop 3.1 in [Ite97] .
Recall that RV R ϑ (f ) = RV R −ϑ (f ) so for our study we might as well consider sign distributions up to total inversion of signs. We will denote D E(f ) the set of sign distributions on E(f ) up to simultaneous change of all signs. Proof. In notation of Definition 5.7 the u i 's form a basis of (Z 2 ) n+1 . Let (z i ) i=1..n+1 be the dual basis. Then for each vertex v i of S,
We will prove that the curvature cones defined by a real tropical hypersurface dual to an elementary simplex S give rise to a partition of a half-space, which yields the result.
Since we are considering the sign distributions up to total inversion of signs, we can assume that for one vertex v 0 of S, S z (ϑ)(v 0 ) = −1 for all z ∈ Z 2 n+1 . By Proposition 5.12 and Remark 5.2, the cones we need to consider are exactly those corresponding to all distributions of signs ϕ on V ert(S) such that v 0 carries a minus sign. Let us denote by C ϕ the curvature cone corresponding to such a distribution ϕ.
Let us prove that the curvature cones C ϕ naturally define a fan which covers a half-space.
To each vertex v of S one associates its opposite facet F v , the vectorial hyperplane H v parallel to F v and a vector n v normal to F v pointing from F v to the interior of S.
For a vertex v of S let H − v and H + v be respectively the half-space defined by {x ∈ R n+1 , n v · x ≤ 0} and {x ∈ R n+1 , n v · x ≥ 0}. The key point is the following fact.
Lemma 5.13. For a sign distribution ϕ (with ϕ(v 0 ) = −1), the curvature cone C ϕ is the intersection of the half-spaces H
Proof. We need to prove that the cone C ϕ is defined by {x ∈ R n+1 , ∀v ∈ V ert(S), ϕ(v) n v · x ≥ 0}.
Let us denote by E = {e i } the set of edges of S whose vertices have different signs and by W = {w i } the set of vectors such that w i is supported by e i and oriented from "-" to "+". For any v ∈ V ert(S), W ⊂ H
. If e i is not in the face F v of S opposite to v, it points towards the (affine) half-space containing S if ϕ(v) is "+" and towards the other half-space determined by
Let us prove that each facet of C ϕ is parallel to a facet of S and thus included in some H v which leads to the equality in the above inclusion.
Each facet of C ϕ is a cone generated by a subset Y of W whose linear span < Y > is of dimension n and such that all vectors of W \ Y are on the same side of < Y >.
Let Y be a subset of W , E Y be the corresponding subset of E and assume that dim < Y >= n and < Y > is included in no H v . Let us prove that the cone generated by Y is not a face of C ϕ . Each vertex of S belongs to an edge of E Y (otherwise < Y > would be parallel to a facet of S).
Let V ert(S) + (resp. V ert(S) − ) be the set of vertices of S with "+" respectively "-" signs. If either #V ert(S) + or #V ert(S) − is 1 then C ϕ is just the cone of apex a vertex v over its opposite face F v and its facets are cones on facets of F v .
Let us then assume that #V ert(S) + ≥ 2 and #V ert(S) − ≥ 2. If every pair of vertices in V ert(S) were connected by a chain of edges in E Y then every vertex would be connected by a chain of edge in E Y thus dim < Y >= n + 1 which would contradict the hypothesis.
Thus the edges in E Y split in several connected components E Thus each facet of C ϕ is contained in one of the hyperplanes H v and, since we already have that
It is enough to intersect only those H
Indeed when the signs of all the vertices of a facet are the same, the intersection of C ϕ with H v is the origin.
Remark 5.14. In the proof of Lemma 5.13 one can easily see that, if dim < Y >= n and < Y > is included in no H v , E Y has exactly two connected components. Indeed, the affine spans Aff(E is of the form C ϕ . Indeed it is defined by a choice of a side for each hyperplane H v i.e., by the choice of the sign of the scalar product of vectors in the interior of D with n v for each v ∈ V ert(S). The sign distribution ϕ is then given by ϕ(v) = sign(n v · x) for any x in the interior of D. Indeed, setting a sign on a vertex of S amounts to choosing on which side of H v are all vectors not in H v generating C ϕ . The sign "-" corresponds to pointing from F v to the exterior of S and "+" from F v to the interior of S. (Of course cones defined by a choice of side for each n + 2 hyperplanes H v can sometimes be reduced to the origin; this corresponds exactly to a sign distribution ϕ on V ert(S) which does not surjects on Z 2 , i.e., to an empty orthant on the real tropical variety side.)
Thus the closed cones C ϕ clearly cover H 6. Complement 6.1. Tropical lower bound. In a forthcoming paper, the second author studies, using tropical geometry, the limit when t goes to zero of the real total curvature of a family RV (F t ) of real algebraic hypersurfaces. This study allows to give a lower bound to this limit, for any polynomial F ∈ K R [x] realising a generic tropical hypersurface. This bound depends only on the tropicalisation of F and will be called the tropical bound. |K(x(t))|dv.
The idea behind the construction of the tropical bound is to look for the valuation of points in V (F ) ∩ (K * R )
n+1 that concentrate the real total curvature: a point x ∈ V (F ) ∩ (K * R ) n+1 concentrates the real total curvature if for any family of neighbourhoods {U t } 0<t≪1 of the family of points x(t),
Via tropical methods, the second author gives a lower bound for the number of points in V (F ) that concentrates the real total curvature and the tropical bound arises as a direct consequence. Using this study, an infinite family of polynomials in K R [x] whose tropical bound is equal to their Risler's complex bound is constructed. This is a tropical proof of the following theorem: One deduces from this theorem a tropical proof of Orevkov's observation (see [Ore07] ) about the sharpness (up to any ǫ > 0) of Risler's complex bound for affine real algebraic hypersurfaces. In the Viro's patchworking language, this result has been also proved in [LdM07] .
6.2. Gauss-Bonnet. Let f be a non-singular tropical polynomial with Newton polytope △ f , V (f ) the tropical variety it defines and △ f = ∪△ i be its dual (primitive) triangulation. Proof. (of (13)). If V ⊂ (C * ) n+1 is a generic hypersurface with Newton polytope △ f , one has χ(V ) = (−1) n (n + 1)! vol(△ f ) (Hovansky's formula, cf. [Hov78] ). The tropical variety V (f ) is by hypothesis dual to a primitive triangulation △ f = ∪△ i with vol△ i = 1/(n + 1)!. Let r be the number of △ i 's (i.e., the number of vertices of V (f )); then one has:
n a n vol(CP n ) = r(−1) n a n σ 2n+1 σ 1
by Definition 4.1. This proves (13), because vol(△ f ) = r × (1/(n + 1)!), and then (−1) n r = χ(V ).
